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o : 

CN ; Abstract 
Ch ■ 

^ . We prove that the non-commutative Gross-Neveu model on the two-dimensional 

[ Moyal plane is renormalizable to all orders. Despite a remaining UV/IR mixing, 

0> ' renormalizability can be achieved. However, in the massive case, this forces us to 

^ ■ introduce an additional counterterm of the form 'ijj tj^'j^ip. The massless case is 

T-H . renormalizable without such an addition. 

> ■ 

as : 

o : 1 Introduction 

\o ■ 

^ . From the rebirth of non-commutative quantum field theories [HEIISI, people were faced to 
O ■ major difficulty. A new (with respect to the usual commutative theories) kind of diver- 

^ I gences appeared in non-commutative field theory ^IHl- This UV/IR mixing incited people 
to declare such theories non-renormalizable. Nevertheless H. Grosse and R. Wulkenhhaar 
^ ■ found recently the way to overcome such a problem by modifying the propagator. Such a 
c3 ■ modification will be now called "vulcanization". They proved the perturbative renormal- 
^ . izability, to all orders, of the non-commutative <l>^ theory on the four-dimensional Moyal 
j> i space [El El- Their proof is written in the matrix basis. This is a basis for the Schwartz 
I class functions where the Moyal product becomes a simple matrix product IHUHl- A Moyal 
' based interaction has a non-local oscillating kernel. The main advantage of the matrix 
■ ' basis is that the interaction is then of the type Tr$^. This form is much easier to use 
to get useful bounds. The main drawback is the very complicated propagator (see jTO| 
for a complete study of the Gross-Neveu propagator in the matrix basis). This is one 
of the reasons which lead us to recover in a simplified manner the renormalizability of 
the non-commutative theory in x-space [H]. The direct space has several advantages. 
First of all, the propagator may be computed exactly (and used). It has a Mehler-like 
form in the LSZ and Gross-Neveu theories [lOl CH [l2] . The x-space allows to com- 
pare the behaviour of commutative and non-commutative theories. It seems to allow 
a simpler handling of symmetries like parity of integrals. This point is very useful for 
the renormalization of the Gross-Neveu model. We also plan to extend renormalizability 
proofs into the non-perturbative domain thanks to constructive techniques developed in 
x-space. Finally, when we will be able to do Physics with such non-commutative models, 
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we would like to have some experience with our physical space. Of course x-space has also 
drawbacks. It forces to deal with non absolutely convergent integrals. We have to take 
care of oscillations. Until now it is much more difficult to get the exact topological power 
counting of the known non-commutative field theories in direct space than in the matrix 
basis. The non-commutative parametric representation would certainly provide an other 
way to get the full power counting [13]. 

Apart from the $4, the modified Bosonic LSZ model |lTj and supersymmetric theories, 
we now know several renormalizable non-commutative field theories. Nevertheless they 
either are super-renormalizable [^) or (and) studied at a special point in the parameter 
space where they are solvable ($|, $| [HI US], the LSZ models [lElinillHl)- Although only 
logarithmically divergent for parity reasons, the non-commutative Gross-Neveu model is 
a just renormalizable quantum field theory as $4. One of its main interesting features is 
that it can be interpreted as a non-local Fermionic field theory in a constant magnetic 
background. Then apart from strengthening the "vulcanization" procedure to get renor- 
malizable non-commutative field theories, the Gross-Neveu model may also be useful for 
the study of the quantum Hall effect. It is also a good first candidate for a constructive 
study [in] of a non-commutative field theory as Fermionic models are usually easier to 
construct. Moreover its commutative counterpart being asymptotically free and exhibit- 
ing dynamical mass generation jlHlEHISl], a study of the physics of this model would be 
interesting. 

In this paper, we prove the renormalizability of the non-commutative Gross-Neveu 
model to all orders. For only technical reasons, we restrict ourselves to the orientable 
case. An interesting feature of the model is a kind of remaining UV/IR mixing. Some 
(logarithmically) divergent graphs entering the four-point function are not renormalizable 
by a "local" counterterm''. Nevertheless these "critical" components only appear as sub- 
divergences of two-point graphs. It turns out that the renormalization of the two-point 
function make the (four-point) critical graphs finite. In the massive case, we have to add 
to the Lagrangian a counterterm of the form SmipZ'j'^'j^ip- The massless model is also 
renormalizable without such a counterterm. 

In section 121 we present the model and fix the notations. We state our main result. 
Section |H1 is devoted to the main technical difficulty of the proof. Here is explained how 
to exploit properly the vertex oscillations in order to get the power counting. In section 
El we compute this power counting with a multiscale analysis. In section we prove that 
all the divergent subgraphs can be renormalized by counterterms of the form of the initial 
Lagrangian. Finally, appendices follow about technical details and additional properties. 

Acknowledgement I am very grateful to J. Magnen for constant discussions and crit- 
ical comments. In particular he found how to use properly the vertex oscillations. I also 
thank V. Rivasseau and R. Gurau for enlightening discussions at various stages of this 
work and J.-C. Wallet for careful reading. 

''By "local" we mean "of the form of the initial vertex". 
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2 Model and notations 



The non-commutative Gross-Neveu model (GNq) consists in a Fermionic quartically in- 
teracting field theory on the (two-dimensionnal) Moyal plane M|,. The algebra of 
"functions on Mq" may be defined as 5(M^) (it may also be extended to an algebra of 
tempered distributions, see [23 1211 IHl 12^ for rigorous descriptions) endowed with the 
associative non-commutative Moyal product: 

(/ ^0 g) {x) =(27r)-2 / / dydkfix + \Qk)g{x + y)e'^-y (2.1) 

The skew-symmetric matrix G is 

where ^ is a real parameter of dimension length^. The action of the non-commutative 
Gross-Neveu model is 

S[i),i)]= j dx{'iP{-i$ + n$ + m + i5me-iQ-^-i)ij + V^{i!,ij)+V^^{'4),i))){x) (2.3) 

where x = 2Q~^x and V = Vq + Kio is the interaction part given later. The term 
in 6m will be treated perturbatively as a counterterm. It appears from the two-loop 
order (see section l5.2.2|l . Throughout this paper we use the Euclidean metric and the 
Feynman convention ^ = 7^a^. The matrices 7° and 7^ constitute a two-dimensionnal 
representation of the Clifford algebra {7^^, 7^^} = —25^^. Note that with such a convention 
the 7^'s are skew-Hermitian: 7^^^ = — 7^^. 

Propagator The propagator of the theory is given by the following lemma: 
Lemma 2.1 (Propagator 1 [lOj) The propagator of the Gross-Neveu model is 

C{x,y) =[-i$ + + m)~^ {x,y) (2.4) 

00 

dtC(t] X, y), 

C{t- x,y)= - — ^ e-§ -otH2m)(.-yr+^n.Ay ^2.5) 
X jzfi coth(2fit) {:jt - f) + - f) - ^-2zntje-^y 
with = ^ and x Ay = 2x<d'^y. 

We also have e-^*^^*'^®''^ = cosh(2nt)l2 - z| sinh(2nt)7e-^7. 

The propagator may also be considered as diagonal in some color space indices if we want 
to study N copies of spin | fermions. 
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Interactions Concerning the interaction part V, first remind that V/i, /2, /s, G ^e, 

I dx (/i -k f2'k f^-k fi) {x) = ^ ^ / JJ(ia;j/j(xj)5(xi - X2 + 0:3 - 3^4)6"*^, (2.6) 

4 

<^= 5^(-l)^+^'+ix,Aa;,. (2.7) 

i<j=i 

This product is non-local and only cyclically invariant. Then, in contrast to the commut- 
ative Gross-Neveu theory for which there is only one possible (local) interaction, the GNq 
model exhibits, at least, six different ones: the orientable interactions 

Vo= f dx {^pa'^'ipa'^ipb'^ipb) (x) (2.8a) 

a,b •' 

+ I {tpa k i>a k Ipb k i>b) (x) (2.8b) 

a,b 

/ (^a ^ * V^a * ^b) (a;), (2.8c) 

a,b 

where ^'s alternate with ip's and the non- orientable interactions 

A4 



a,b 



dx {ipa k ipb -k ipa -k ipb) {x) (2.9a) 

a,b 

+ I i^a-ki'b'k^Pb-k^IJa) (x) (2.9b) 
a,b 

+ J dx (ijja-k'lpa'k'lpb-k'lljh) (x). (2.9c) 



All these interactions have the same x- kernel thanks to (|2.6p . The indices a,b are spin 
indices taking value in {0, 1} (or {t, i}). They may be additionnally color indices between 
1 and N. For only technical reasons, we will restrict ourselves to orientable interactions. 
Such a qualification will become clear in the next section. This paper is mainly devoted 
to the proof of 

Theorem 2.2 (BPHZ Theorem for GNq) The quantum field theory defined by the 
action ()2.3|) with V = Vo is renormalizable to all orders of perturbation theory. 



Multi-scale analysis In the following we use a multi-scale analysis The first step 
consists in slicing the propagator as 



( />M-2(»-i) 



i=0 



/ dtCi{t] ) ifi^l 

POO 

/ dtCi{t; ) ifz = 0. 



(2.10) 
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We have an associated decomposition of any amplitude of the theory as 

Ag=Y,Ag (2.11) 

where /i = {ii} runs over all possible attributions of a positive integer ii for each line I 
in G. This index represents the "scale" of the line /. The usual ultraviolet divergences 
of field theory becomes, in the multi-scale framework, the divergence of the sum over 
attributions n of indices. To work with well-defined quantities, we put an ultraviolet cut- 
off p: 2 G {0, . . . , p}. In each slice, the following lemma gives a bound on the propagator. 

Lemma 2.3 For all i G N, there exists K, k E M+ such that 

\C\x,y)\ ^KMV=*^"1^-^I. (2.12) 
This bound also holds in the case m = 0. 

To any assignment p and scale i are associated the standard connected components 
Gl, k G {1, . . . , k{i)} of the subgraph made of all lines with scales j ^ i. These 
tree components are partially ordered according to their inclusion relations and the (ab- 
stract) tree describing these inclusion relations is called the Gallavotti-Nicolo tree [211; its 
nodes are the G^'s and its root is the complete graph G. 

More precisely for an arbitrary subgraph g one defines: 

ig{n) = miii{ix), eg{fx) = sup iiifx). (2.13) 

leg 

I external line of q 

The subgraph is a for a given p if and only if ig{fi) ^ i > eg{fi). As is well known in 
the commutative field theory case, the key to optimize the bound over spatial integrations 
is to choose the real tree T compatible with the abstract Gallavotti-Nicolo tree, which 
means that the restriction 7^* of T to any G^ must still span G^. This is always possible 
(by a simple induction from leaves to root). 

Let us define iuifJ') as the index of the line of highest scale hooked to the vertex u. 
Then any (amputed) A^-point function S has an "effective" expansion: 

SNixi,...,XN;p) = ^ ^ JJ Ai^v4(i,(xi, . . . ,XAr;p). (2.14) 

A^-point graphs G /i(G) u£G 

Strictly speaking, we prove here that all the orders of the effective series are finite as the 
cut-off goes to infinity and that there exists a constant K eM. such that: 

N 

lim / rrrfa;,/,(x,) |A^(a;i,...,x^;p)| (2.15) 
where the i G |1, A^] are test functions. 
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2.1 Orientation and graph variables 

The delta function in ()2.6|) implies that the vertex is parallelogram shaped. To simplify 
the graphs, we will nevertheless draw it either as a lozenge (Fig. HJ or as a square. 

We associate a sign, + ou — , to each of the four positions at a vertex. This sign changes 
from a position to its neighbouring one and reflects the signs entering the delta function. 
For example, the delta function associated to the vertex of figure [T] has to be thought to 
be X2 + X3 — X4) and not 5{—Xi + X2 — X2, + X4). The vertex being cyclically invariant, 

we can freely choose the sign of one among the four positions. The three other signs are 
then fixed. Let us call orientable a line joining a point + to a point — . On the contrary 
if it joins two + (or — ), we call it clashing. By definition, a graph is orientable if all its 
lines are orientable. We will draw orientable lines with an arrow from its — to its + end. 
The — positions are then defined as outcoming a vertex and the + ones as incoming. 

Let a graph G. We first choose a (optimal) spanning rooted tree T . The 
complete orientation of the graph, which corresponds to the choice of the 
signs at each vertex, is fixed by the orientation of the tree. For the root 
vertex, we choose an arbitrary position to which we give a + sign. If the 
graph is not a vacuum graph, it is convenient to choose an exernal field 
for this reference position. We orient then all the lines of the tree and all Figure 1: 
the remaining half-loop lines or "loop fields", following the cyclicity of the A vertex 
vertices. This means that starting from an arbitrary reference orientation 
at the root and inductively climbing into the tree, at each vertex we follow the cyclic 
order to alternate incoming and outcoming lines as in Figure [2a| (where the vertices are 
pictured as points). Let us remark that with such a procedure, a tree is always orientable 
(and oriented). The loop lines may now be orientable or not. 

Definition 2.1 (Sets of lines). We define 
T = {tree lines} , 

C = {loop lines} = CqU U with 
Co = {loop lines (+,-) or (-,+)} , 

= {loop lines (+,+)} , 

= {loop lines (—,—)} . 

It is convenient to equip each graph with a total ordering among the vertex variables. 
We start from the root and turn around the tree in the trigonometrical sense. We number 
all the vertex positions in the order they are met. See Figure l2bl Then it is possible to 
order the lines and external positions. 

Definition 2.2 (Order relations). Let i < j and p < q. For all lines / = I' = 

(p, g) G T U £, for all external position Xk, we define 

I ^ V \i i < i <p < q 

I ^ k i < j < k 

I C I' p < i < j < q 

k C I i < k < j: "I contracts above Xk" 

I X I' i < p < j < q. 
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(a) Orientation of a tree (b) Total ordering 



Figure 2: Orientability and ordering 

We extend these definitions to the sets of lines defined in I2.1I For example, we write 
£o ^ instead of G £o x '^+, ^ ^ ^'}- We also define the following set. Let Si 

and ^2 two sets of lines, 

5inS2 ={(/,/') G Si X ^2, ^ X ^' or / X /'}. (2.16) 

For example, in Figure [2E1 ii -< £4, h C ii, I3 >- Xi. Note also that with such sign 
conventions, orientable lines always join an even (— ) to an odd (+) numbered position. 
It is now convenient to define new variables. These are relative to the lines of the graph 
whereas the variables used until now were vertex variables. Each orientable line I joins an 
outcoming position x;_ to an incoming one Xi+. We define Ui = —xi_ as the difference 
between the incoming and the outcoming position. For the clashing lines, Ui is also the 
difference between its two ends but the sign is arbitrary and chosen in definition 12.31 The 
ui are the short variables. The long ones are defined as the sum of the two ends of the 
lines. We write them Vi = xi+ + xi_ for tree lines and = xe+ + for the loops. 

Definition 2.3 (Short and long variables). Let i < j. For all line I = G TU £, 

({-iy+'s, + {-iy+h, v/gtu£o, 



ui = lsi- Sj V/ G £+, (2.17) 

[ Sj — Si yi E 

vi=Si + Sj yieT (2.18) 

wi=Si + Sj Ml e C. (2.19) 



Complex quantum field theory on Moyal spaces bears naturally two different orient- 
ations. The first one is defined from the cyclic sign of the vertices. This is the one we 
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defined with the tree. The second one is related to the complex feature of the theory: a 
field only contracts to its complex conjugate. For the Gross-Neveu model, a line can also 
be oriented from its ip end to its ip end. Then we are lead to define two different signs for 
a same line. 

Definition 2.4 (Signs of a line). Let i < j. For all line / = G T U £, 

e{l) = +1 \/le TuCq \fi even 

= +1 £- 
= -1 TuCq if i odd 

= -1 ^+ 

t{l) = +1 if ^(xi)^(x,) 
= -1 if ij{xi)ij{xj). 



Corollary 2.4 (Propagator 2) From the definitions \2.r\ and 2.4. the propagator cor- 
responding to a line I may be written as 



oo 



Ci{ui,vi) = / dtiC{ti]Ui,vi) (2.20) 





C(ti- Ui, Vi) = —— ^ cotH2m0uf-^^eml)u,Av, (2.21) 

X ^i^coth{2hti)t{l)E{l)ii + VLt{l)E{l)ti + m} e-2*™'^®"'T 

with r2 = ^ and where Vi will be replaced by Wi if the propagator corresponds to a loop 
line. 



2.2 Position routing 

We give here a rule to solve in an optimal way the vertex delta functions. In particular 
this will allow us to factorize the global delta function (see ()2.6j) ) for each four-point 
subgraph. There is no canonical way to do it but we can reject the arbitrariness of the 
process into the choice of a tree. Then it is convenient to introduce a branch system. To 
each tree line / we associate a branch b{l) containing the vertices above I. Let us define 
above. At each vertex z/, there exists a unique tree line going down towards the root. We 
denote it by Zj^. A contrario, to each tree line I corresponds a unique vertex u such that 
l,^ = I. We also define as the unique set of tree lines joining u to the root. Then the 
branch b{l) is the set of vertices defined by 

b{l) = {u eG\l eV^}. (2.22) 

On Figure [2bl the branch 6(/2) = {2,3,4}. We can now replace the set of vertex delta 
functions by a new set associated to the branches. Let a graph G with n vertices. A 
tree is made of n — 1 lines which give raise to n — 1 branches. At each vertex u, 
we replace S^{Y^1^^{-iy^^x^J by 5/,(Er.'efea.) complete this new 

system of delta functions, we add to these n — 1 first ones the "root" delta given by 
'^^(Xlj/'eG X]i=i(^l)*^^^!^i)- We have now a new equivalent set of n delta functions. 
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Let us precise the arguments of the branch delta functions in terms of short and long 
variables. To this aim, we define the set b(Z) of lines contracting inside a given branch 

b{iy. 

b(/) = {/' = (x^, x^O e G\u, v' e b{l)} . (2.23) 

There also exists lines / = {xu,Xi,i) with u G b{l) and u' ^ b{l). Moreover b{l) may contain 
external positions. We denote by the set made of the external positions in the 

branch b{l) and of the ends (in b{l)) of lines joining b{l) to an other branch. From the 
definition 12.31 of short and long variables, for fixed z/, we have 

4 

J] j](-ir+X. = Yl E E «^^+ E ^(^)^- (2-24) 

where T](e) = 1 if the position i is incoming and —1 if not. For example, the delta function 
associated to the branch 6(^2) in the Figure l2bl is 

6{y - z + X3 + X4 + ui,^ + + u;g - We J. (2.25) 

In the same manner, the delta function of the complete branch is 

6{xi -X2 + X3 + X4 + Ui^ + ui^ + + + ui^ - we^). (2.26) 

Let us emphasize the particular case of 6g 

5g( Y1 w«+E^^"E^^+ E (2-27) 

/eru£o ^e£+ ^e£- e££{G) 

where S{G) is the set of external points in G. Remark that for an orientable graph G 
(£+ = £_ = 0), the root delta function ()2.27p only contains the external points and the 
sum of all the ui variables in G. 

Remark. In the $^ model [TTj, these delta functions were used to solve all the long tree 
variables f/, / G T. This is the optimal choice. Integrations over the long variables vi (or 
wi) cost M^*'. Moreover the tree being chosen optimal, the vi are the most "expensive" 
long variables. From (I2.24jl . we have 

E + E E E '^(^)^ey (2.28) 

/'e(Tu£o)nfa{0 te£+nb(/) ^e£_nfa{0 eex{i) 

There exists e; G X{1) such that Xei = ^{rj{ei)ui + vi) (see definition 12. 3j) . This external 
point is an end of the line 1. Thus 6b{i) gives 

vi = -r]{ei)ui - 2r]{ei)(^ ^ ui> + ^ wg - ^ we + ^ r?(e)xej. 

/'G{ru£o)nb(/) eec+nb{i) e&C-nb{i) eex{i)\{ei} 

We have then used n — 1 delta functions (one per tree line). The last one is kept. It is 
the equivalent of the global momentum conservation in usual field theories. 
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Here we won't solve the branch delta functions. Instead we express them as oscillating 
integrals. In the orientable case, we have 

^e^pr(E.,,(o«^'+Se..(o^(-K). (2.29) 

After some manipulations on these oscillations (see section IX2|l . we will get decreasing 
functions for the f;'s and p;'s. For each tree line /, we will integrate over vi and p;, the 
final result being bounded by 0{l). 

3 From oscillations to decreasing functions 

In the preceding section, we decided to express all the vertex delta functions as oscillating 
integrals. Then we have 2 independant variables per internal propagator. One is integ- 
rated over with the exponential decrease of the propagator (see I2.4jl . The other uses the 
propagator and vertices oscillations. Then it is useful to precise the oscillations in terms 
of the m's and v (w)'s variables. This is done in section l3Tl We will see how to use the 
oscillations to get enough decreasing functions in section 13.21 

3.1 The rosette factor 

We have seen in the preceding section that the oscillations are expressed in terms of the 
vertex variables whereas the propagators are naturally expressed with short and long line 
variables. It is not very convenient to deal with two equivalent sets of variables. We are 
then going to express the vertex oscillations with the line variables. 

In the following we call rosette factor the set of all the vertex oscillations plus the 
root delta function. We also distinguish tree lines / and loop lines d^. The first step to a 
complete rewriting of the vertex oscillations is a "tree reduction". It consists in expressing 
all tree variables in termes of u and v variables. Let a graph G of order n. It has 2(n — 1) 
tree positions. The remaining 2?t, + 2 loop and external variables are subsequently written 
Sj. By using the cyclic symmetry of the vertices and the delta functions, we get (see [TT] 
for a proof): 

Lemma 3.1 (Tree reduction) The rosette factor after the fisrt Filk move is JF^ fll]/ .- 

5{sl-S2^ S2„+2 + ^M«) exp«v5 (3.1) 

ler 

2n+2 ^ 

where (-l)*+^'+^Si A + - ^ e{l)vi A + ^ m// A m 

i<j=0 leT T^T 

■^In case a line belongs to a set containing both tree and loop lines, we write it I. 
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The next step is to express all the loop variables with the corresponding u and w variables. 
In we computed the result for planar regular graph {g = and B = 1, see appendix 
1X1 for graphologic definitions and also pi EH])- Here we need the general case'^. We 
now denote the (true) external variables by Sj^, k G |1, A^] = H N. We write 

Lemma 3.2 The rosette factor of a general graph is: 

N 

s^j^i-iy'^-'sj, + ui+Y.^i-T.'^^) ^^p^v' (3-2) 

fc=i leTuCo £ec+ £eC- 

with (f = (fE + (px + + ^w-, 

N 
k<l=l 



N 

k=l ((T UCo)-<jk) (T U£o)^ifc 

U(C£oDjfc) 



+ ^ ^ s{i)we A «£/ + e{i')w£' Aug + ^ ^ £{tjwi A «£/ — e{i')we' A 

'Cox.Co £oixC£o 

+ ^ ^ -e{i)w£ Aui> + e{i')we' Aue 

Co y^UCo 

+ ^ ^ A e{t)wi' + Mf/ A 

(£+Ni:_) 
u{£+ix/;+)u(/;_ix£_) 

+ ^ £ii')Wi' AUi+ ^ A e{i')wi> 

({ru£o)c£o) (C£ocC£o) 
U{(r u£o)^C£o) U((ru£o)^C£o) 

+ ^ M;/ A + ^ Mz A Ui> 

+ ^ E Ui'Aui + ^ ^ ueAue', 

(CotxCo) (£oXC£o) 
U{£+ ik£+)U(£- k£_) u(£+ xi£-)U{£- xi£+) 



■^Strictly speaking, we only need, in this paper, the orientable case. Nevertheless the non-orientable 
one will follow. 
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(C£o^ife) C£oHfe 
u(£o3ifc) 

(^otxA)) (£odC£o) 

U(C£okC£o)U(£o><C£o) U(C£o-<C/:o) 

where l(£) belongs to the set on the left-hand-side. 

Proof. As explained in section [Ol the root 6 function is given by 

N 

+ E + E - E ^^)- (3-3) 

k=i zeru£o fe£+ fe£- 

We express all the loop field variables with the u and w variables. Then the quadratic 
term in the external variables is 

N 

J2 (-1)^''=^^'+'^.. A s,, . (3.4) 

k<l=l 

Let an external variable Sj^. The linear terms with respect to Sj^, are 

i<jK i>jk 

+ E (-1)''^.. A + 5^ «z A (3.5) 

where the Sj's are all loop variables. Let a loop line £ = (i, j) -< jk. 
Its contribution to (pj^ is: 

[(-l)^+^s, + (-l)^-+S] A(-l)^'^.,,. (3.6) 

The result in terms of the U(, and Wi variables depends on the orientability of the loop 
line. From definitions 12.31 and 12. 4L we have 

[{-ir\s, + {-iy^\s,] A (-1)^-'=.,, (3.7) 

= u,^{-ly'^s,^ if^GA 

= -e{l)wth{-iyKsj^ if 

In the same way, if a loop line contracts above an external variable Sj^, its contribution 

to ipj^ is: 

[{-ir\s, + (-1)^-.,] A (-1)^-'=.,, (3.8) 

= -e{l)wt^{-lyHj, if£e/:o 
= Ul^ {-ly'^Sj^ if £ G £+ U 
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Finally the linear term for Sj^. is 

= E «/A(-iy^3,,+ (3.9) 

((Tu£o)^jfc) {ru£o)Hfe 
u(£o3ifc) 

Let us now consider a loop line i = {p,q). Its contribution to the rosette factor 
decomposes into a "loop-loop" term and a "tree-loop" term. We will detail the first one, 
the second one being obtained with the same method. The loop-loop term is: 

= Yi-iy^'s, A (-1)% + 5^(-i)^sp A i-iy^'s, + i-iy+'^^'sp a s, 

i<p p<i 

i<q q<i 
i^p 

= Y^-^y"'^ ^ [(-i)'^p + (-1)%] + Ei(-i)% + (-1)%] ^ (-1)^^'^^ 

i<p q<i 

+ E (-1)'^'^^ A [(-l)^+^s, + {-Ifs,] + (-l)^+^+^Sp A . (3.10) 

p<i<q 

An other loop line = (i, j) has now six possibilities. It may follow or precede £, contain 
or be contained in cross it by the left or the right. Moreover the lines C and C' may be 
orientable or not. I will not exhibit all these different contributions but will explain our 
method thanks to two examples. 

Let (£, f ) G Cl such that f k ^. The line f crosses ^ by the left as defined in O 
The corresponding term is: 

A [{-Ifs, + (-1)%] + (-l)^'+^s, A [{-If-'h, + (-l)^s,] 
= {-ly+h, A (-M,) + (-l)^'+^s, A {-e{l)w,) 

= i (uM + e{i')wii Aui + e{i)wi A u^' + e(£)w^ A £:(£')w£/) . (3-11) 
In the same way, if £ G Cq^ ^' ^ such that i C we have: 

(-i)*+is, A [(-1)% + {-\rs,\ + [(-1)% + {-\rs^ A (-i)^'+^s, 

= (-l)'+'si A {-u,) + (-U,) A (-l)^'+'sj = A u^, (3.12) 
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We do the same for the other contributions and get: 

= (3.13) 
^ c 

+ ^ £{i')we' Aui+ ^ UiA e{i')wi: 

U(£o^C£o) 

+ ^ ^ —e{i)wj( A li^/ + e{£')wj^' A 

+ ^ ^ A e{£')wir + U£/ A e{tjWi 

(£+IXl£_) 

u(/:+ix/:+)u(£-ix£-) 

(£o^£o)U(C/:oxC£o) (-Co3C£o) 
u(£oXC£o) u(Cro-:C£o) 

+ ^ A + ^ A u^i 

+ - 2^ M^/ A M£ + - 2^ A M£/ 

U(£+ lx£+)U(£_ ix£_) u(£+ xi£-)U(£- xr+) 

The "tree-loop" term is: 

Vti= ««'A(-1)%+ (-1)%A«,, (3.14) 

+ Y «i'A(-l)%+ J] (-1)%Am,, 
= 5^ A [(-1)% + (-1)"^,] + Y [(-!)% + (-1)'^^] A «/' 

{I'GTJ'-ip} {l'eT,l'>-q} 

+ Y A [(-1)^+% +(-!)%] 

{l'£r,p-<l'^q} 

^ Y Ui^ui' + Y ^i' A ue 
u(C/;o3'r) 

+ Y, Aui'+ Y '^i' A £{£)we. □ 
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Corollary 3.3 The rosette factor of an orientable graph is 

N 



5( + E ui) expz^ (3.15) 



fc=i leTuc 



with (p = (fE + + fu + fw 

N 



k<l=l 



N 

k=i (ru£)^jfe {Tuc)Hk 



T c 



Aui 



CkC (TuC)cC 

(ru£)^(ru£) ctxc 

Proof. It is enough to set = = in the general expression of lemma IX2l □ 
Corollary 3.4 Let a planar regular graph (g = and B = 1). Its rosette factor is 

m 



N 



k=l IgTUC 

avec (p = (fE + (fx + ^u, 

N 

ipE= E(-l)*+^'+V,Ax„ 
i<j=l 

N 

^x=Y (-l)'+VA7i,+ J2 «/A(-l)'=+V, 

k=l (r\JC)<k {TuC)yk 
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(/3;7 = - ^ e{l)vi A Mi + - ^ e{i)we A ui 
r c 

+ ^ e{i')wi' Aui + ^ uii Aui. 
(Tu£)c£ (ru/:)-<(ru£) 

Proof. As the graph has only one broken face, there is always an even number of fields 
between two external variables. In this case, jk and k have the same parity. Thus by 
switching Sj^, into Xk, the quadratic term in the external variables is: 

N 

5^(-ir+^+V.Ax,. (3.17) 

i<j=i 

Moreover the constraints g = and B = 1 imply that the graph is orientable {C = Cq). 
Indeed, let us consider a clashing loop line i joining to Si+2p- These two positions have 
same parity. Between the two ends of i are an odd number of positions. Then either £ 
contracts above an external variable and -B ^ 2, or an other loop line crosses it and g ^ I. 
Finally by skipping from the result of lemmaESlthe terms concerning crossing lines, lines 
contracting above external variables and non-orientable lines, we get (|3.16|) . □ 



3.2 The masslets 

Contrary to the case, the Gross-Neveu propagator (I2.2H1 does not contain any 
term of the form exp — M~^*w^ (we call them masslets) [TT]. This term is replaced by an 
oscillation of the type u Aw. Whereas masslets are not in the propagator, they appear 
after integration over the u variables: 

Let G a connected graph. Its amplitude is 

r ^ 

^G = I W dxi fi{xi)5G Y\ duidvi 5b(i)Ci{ui, vi) Y\ duedwi Ci{ui, Wi)e"^. (3.19) 

^ i=l leT l&C 

The points Xi, i G |1, A^J are the external positions. For the delta functions, we use 
the notations of section 12.21 The total vertex oscillation ip is given by the lemma 13.21 
It is convenient to split the propagator into two parts. We define, for all line / G G, 
Ci{ui) by Ci{ui,vi) = Ci{ui) e-«2"'=(0e(0«iA-Wi_ Qnce more we replace f by w for loop lines. 
This splitting allows to gather the propagators oscillations with the vertex ones. The 
total oscillation ip^ is simply deduced from ip by replacing the terms ^e{l)vi A Ui by 
^(1 + e{l)Q)e{l)vi A ui. The graph amplitude becomes 

Ag = / ]^c?Xi/i(xi)(5G]^rfMzrft;i5fe(i)G(Mi) J^rfw^rfw^C^ (3.20) 

i=i leT eec 
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In contrast with the theory [TT], we won't solve the branch delta functions. Instead 
we keep 5g but express the n — 1 other delta functions as oscillating integrals: 

5m{ E "^'+ E = / 7|^e*"'-^^"^^«"'+^^^"'"''^'^^'^^- (3.21) 

As already explained in section there exists e/ G such that Xe, = \{rj{ei)ui + Vi). 
Remark that rj{ei) = e{l). Then 

^ ui> + ^ r]{e)xe =^{ui + e{l)vi) + ^ ui> + ^ ??(e)xe. (3.22) 

«'Gb(/) eeA'(/) rgb(/) eeA'(0\{eJ 

In the following we will use an additionnal notation. For all line / G T, let us define z// as 
the unique vertex such that / = li, where is defined in section [2121 is the vertex just 
above / in the tree. We write ip^ for the total oscillation where we add the new oscillations 
resulting from the delta functions''. The graph amplitude is now 

Ag = / ]^rfxi/i(xi)5Gn'^Mirft'/c?p/(:7;(M/)]^rfMfrfw£Q^ (3.23) 

Remark that we have omitted the factors 27r as we have done until now and will go on doing 
with the 4^2"det e vertex factors. To get the masslets, we could, for example, integrate over 
the variables ui. This exact computation would be the equivalent of equation ()3.18|) . We 
should integrate 2n — N/2 coupled Gaussian functions. We would get Gaussian functions 
in some variables Wi which would be linear combinations of wi' . Apart from the difficulty 
of this computation, we should then prove that the obtained decreasing functions are 
independant. For general graphs, it is somewhat difficult. Then instead of computing an 
exact result, we get round the difficulty by exploiting the oscillations before integrating 
over the m's, w's and w's. The rest of this section is devoted to the proof of 

Lemma 3.5 Let G an orientable graph with n vertices and /i a scale attribution. For all 
Vt G [0, 1), there exists G M such that the amplitude ^S. 2^) . amputed, integrated over 
test functions, with the jj, attribution, is bounded uniformly in n by 

r 

^K^ / dx,g,ix, + {a})SGlldxigi{xi)Y[daiM^'^Eiai) (3.24) 



l£G 

1 



1 1 



UduidVidpiM^'e-'''"'^^^-'^'^''^^" n V-r 

11 ^ ^ lll + M-2*^W?, 



with 6{l)Vi =i(l + e{l)Q)e{l)vi + ^£(f )«^^' ^ Ipi - Yl (^.25) 

i'Di I'eVoj 

e{e)We =1(1 + e{i)n)e{e)we + Ye{i')we' + (3-26) 
and p = ^&p, gi, i G |1, A^] and H are test functions such that \\gi\\ ^ supQ^p^2 



^Note that the oscillation is invariant under pi —pi for alH G G independently. 
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Remind that we restrict our analysis to orientable graphs. We introduce a Schwartz 
class function ^ G 5(]R^) which, conveniently scaled, is going to mimic the decrease 
of propagators on a scale M~*'. We want to get a decreasing function in vi without 
integrating over ui. We use 

1 = j £ai coth(2fit/)^(aiCoth^/2(2fit/)). (3.27) 

The coupling between this 1 and the rest of the graph is made by an ad hoc change of 
variables. We have two constraints on such a change. On one hand we want independant 
decreasing functions. On the other hand, for all line /, the decresase should be of scale^ 
M^' ~ coth^/^(2fiti)- 

We are going to make masslets line by line. Let us write Xi for the root position. Let 
a tree line /. We perform the change of variables 

xi ^xi + r]{l)e{l)ai. 

It is not difficult to check that ip^ — > ip'^ + ai AVi + ai A {Ui + Ai + Xi) where V/ is given 
by (I3.25jl and Ui, Ai and Xi are respectively linear combinations of m's, a's and external 
variables x's. Please note that such a change of variables let the global root delta function 
unchanged. Writing only the terms in the amplitude Aq depending on ai, we get 

Ag,i= dai dti coth{2nti)^{aicoth^^^{2nti)) (3.29) 

J Jm-^'i 

\ncoth{2nti){ee){l){iLi - e{l)(^^) + n{ee){l){^i - e{l)^i) - m 

daidti coth{2nti)^{aicoth^/\2hti)) e'^^otH2nmn-e{i)aif j^^^^ ^ 7]{l)e{l)a{) 
\hcot\i{2hti){ee){l){i^ - e{l)^i) + n{ee){l)i^i - e{l%) - m} e^'^'^(^'+^'+^') 

TT ~ e-^-^K (3.30) 

l}^\cot\i^'\2nti)+iVi^,j 

We now integrate by parts over a;. The boundary terms vanish. We give here the order 
of magnitude of the result. The details of the computation are given in appendix IbI 

Ag,i ~ / daidU coth(2fitOe*"'^''' IT i mi. ~ x ^1 '^{aicoi\i^'\2^ti)) 

e*"'^(^'+^'+^')(7i(xi+r7(l)£(/)aOC(coth='/'(2fit)). (3.31) 



^-i^ cot\i{2nti){ui-e{l)aiY ^iaif\{Ui+Ai+Xi) 



'^In some cases, a line may have a masslet of a scale greater than its own index. These cases are 
restricted to a single class of graphs we will detail in section lOI 
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Then we get the following bound 



\AgA ^irM-V-'^*^"'("-^«'^')^^i(xi + vim^i) n i + M^2n^2 ■ (3-32) 

Let us now explain how to get the corresponding decreasing functions for the pi vari- 
ables. We begin by performing the change of variables vi Vi for all tree line /. The 
determinant of the corresponding Jacobian matrix is 2"*^""^^ n/er(-'^ + e{l)VL). It is non- 
vanishing for all Vt G [0, 1). The total oscillation becomes 

'{''n='^E + '^x + Vw + ^!^{l)ViA{ui-e{l)ai) + ^Pr{ ^ ui+ ?7(e)xe) 

T T Z'6£nfa(0 e&X{l)\{ei} 

+ ^(1 + e{l)n)-h{l)Vrpi + WRiP + PR2P 
r 

+ i ^(1 + t{tjVL)e{i)wi, A M£ + ^ ^ e{tjWt, A ue + e{i')wi> A + ^ A ui 

C CV.C £c£ 

+ ^ Up A M/ + i ^ u^/ A + Ai?3v4 + Ai?4?7 + AR^X (3.33) 
(ru£)-<(ru£) /:ix/: 

where we used the notations of corollarv 13.31 and -Rj, i G |1,5] are skew-symmetric 
matrices. By using 



M-'^ + (l + e(0^^)e(0; 
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and integrating by parts over V;, we get a decreasing function in pi which behaves like 
(1 -(- M^*'p^) . We now turn to the loop lines. We also want to get decreasing functions 
for them. Let a loop line i = {x£,x'^) G £ of G with Xi -< x'^. We make the following 
change of variables^ 

ue - e{i)ae, 

Wi + tti, (3.35) 
xi — + ri{l)e{i)ae. 



The changes concerning Ui and wi correspond to "move" x^. It is easy to check that ()3.35p 
implies ip'^ ^ ip'^ + ai A Wi + ai A {Ug + A^ + Xi + Pi) where Wi is given by ()3.26|l and 
Ue, Ai, Xg and Pe are respectively linear combinations of m's, a's, external variables x's 
and p's. We can perform the same type of integration by parts than we used for the tree 
variables Vi and obtain bounds similar to (I3.32jl . This proves lemma ITTHl 

Independance of the decreasing functions Remind that the above procedure had 
two main goals. First of all we wanted to get decreasing functions of scale ii for all vari- 
ables vi (wi). This should be clear from the preceding section. The second aim was the 



^This change of variables is slightly different from the one we used for the tree lines (i;-i.28|l . This leads 
to an easier proof of the independance of the decreasing functions. 



19 



independance of those decreasing functions. Our procedure is designed to make transpar- 
ent such an independance. 

In section [21 definition 12.21 gave a way to partially order the lines. This ordering was 
useful to express the vertex oscillations in terms of the m's, v's and w's. But we can also 
define a total ordering among the lines of a graph. We say that / < /' if the first end (in 
the trigonometric sense around the tree) of / is met before the first end of Then for all 
line I eG,Vi (Wi) depends only on f//'s and w^/'s with /' < /. Let V (W) and V (W) the 
vectors containing respectively the variables e{l)vi {e{i)wi) and e{l)Vi {e{i)Wi). Let 
the Jacobian matrix of the change of variables {ev ew) {eV eW): {V W) = M{V W). 
The ordering introduced just above allows to prove that M is triangular. Its determinant 
is 

det M = 2-(2"-^/2) JJ(l + e{l)n). (3.36) 

Clearly Vf2 G [0, 1) , det M 7^ and M is invertible. The decreasing functions in V/ (W^) 
are consequently independant. 

Remark. With the non-orientable interactions (|2.9jl . we were not able to find a procedure 
making the independance of the masslets transparent. 

3.3 Non-planarity 

In the preceeding section, we proved that the vertex and propagators oscillations of the 
Gross-Neveu model allow to obtain decreasing functions similar to the masslets of the 
(non-commutative) $^ theory. Here we improve these decreases if the graph is non- 
planar. For this the lemma l375l is not sufficient. Before taking the module of the graph 
amplitude, we would like to further exploit the oscillations. 

Let the Jacobian matrix of the change of variables ew eW: W = TW. Let 
us define the skew-symmetric matrix Qw with (pw = WQwW where ^pw is given by 
corollary ESI After the change of variables W = TW, pw = W'Q'^W with 

= ''T~^QwT~^ . T being invertible, the rank of Q'^r equals Qiy's. Remark that Qw is 
the intersection matrix of the graph. We have the following result rankQvK = 2(7 [TT?| IH]. 
Let us consider a non-planar graph. The rank of Qw being different from zero, there 
exists a loop line i such that we have an oscillation Wi A with = Q'ww^^ + 
U + A + X + P. Thanks to lemma l375| we know that Wg decreases on a scale M**^ with the 
function (1 + M~^**>V|)~^. By an integration by parts similar to ()3.3n|) . we get a decrease 
in yV'i on a scale M~**. This decrease will be used to integrate over some We' contained 
in W^. The result of such an integration will be of order M~^** instead of M^*'^'. The gain 
is then M'^^^-^v. 

3.4 Broken faces 

We remind that a broken face is a face to which belongs external points (see appendix 
1X1 for examples). When we do not consider vacuum graphs, there is always at least 
one broken face. By definition, it is called the external face. The broken faces produce 
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oscillations of the type x/\w (see lemma, ITT^ . In the planar case with B ^ 2 broken faces, 
we are going to use such oscillations to get better decreases than the ones of the lemma 
13.51 Let Qxw the skew-symmetric matrix representing the oscillations between the x's 
and ti^'s variables. After the change of variables W W, this matrix becomes 

Q'xw = QxwT ^. (3.37) 

Then YsmkQ'xw = Tank Qxw- Let / a set of consecutive natural numbers indexing some 
external variables Xk, k E I. These ones oscillate with the variables we, i E Bj where Bj 
is the set of lines contracting above those variables. Let us now check that the variables 
Xk, k E I oscillate only with Wi, £ G Bj. To this aim, let us assume that two sets X and 
Y of external variables oscillate with two other different sets A and B of loop lines: 

Qxw=(^Q ly ^ = (o d) ^^-^^^ 

Q'xw = QxwT'^ ^ ( BD'^ ' (3.39) 

In the planar case, We is only function of Wi' with D £. T (and T~^) are then not only 
(lower) triangular but also bloc diagonal. The oscillations between the external variables 
Xk and the variables We are 

XiQxwT-'W^^ = J2 V{k)xk A CL(W,, i G Bj) (3.40) 
fee/ 

where CL means "linear combination". After the masslets and non-planar cases, it should 
be clear that this new oscillation allows to get a decreasing function of scale M~ ™"^<^Gi3j 
in the external variables. If these points are "true" external ones (of scale —1, integrated 
with test functions), we will use it to improve the power counting. Usually external 
points are integrated over test functions (the result is of order 1) so that the gain is here 



4 Power counting 

In this section, we use the previous decreases by adapting them to the multi-scale case. 
By lemma iniSl we know that it is possible to get |£| independant decreasing functions 
equivalent to the masslets of the theory plus n — 1 masslets for the tree lines coupled 
to n — 1 strong decreases. These last two types of decreasing functions are equivalent to 
the branch delta functions. The method we use to get the power counting now depends 
on the topology of the considered graph*^. 

We only consider graphs with at least two external legs. The vacuum graphs are con- 
sidered in appendixO We use the Gallavotti-Nicolo tree. We start from its leaves and go 
down towards the root which means from the scale of the ultraviolet cut-off to the scale 0. 
Let G\ an orientable connected component. For all lines, we first get all the masslets by 

'"The main result is lemma ITTl in particular in regard to the power counting of the critical function 
N ^ A, B = 2 which manages the main technical point in providing renormalizabiblity. 
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the method expounded in section ESI If is planar regular (g = 0, B = 1), we directly 
use lemma l375l If is non-planar (g ^ 1), we use the WAW oscillations. Thanks to the 
procedure explained in section IX3| we get an additionnal decrease in some W^, £ G at 
worst of scale M~*. We do the same in any non-planar "primitive" connected components 
(i.e. not containing sub non-planar components). The corresponding improvements are 
independant. 

If a node of the Gallavotti-Nicolo tree is planar but has more than one broken face 
(5^2), we consider its number of external legs'. If N{G\) ^ 6, we directly use lemma 
13.51 When N{G\) = 4, the number of broken faces is 1 or 2. Let us focus on the B = 2 
case. At scale i, one or several lines contract above two external points x' and y'. In 
contrast with commutative field theory, the power counting of this connected component 
depends on the scales down to 0. Let ^ the unique path in the Gallavotti-Nicolo tree 
linking Gl to G. If there exists a scale Iq < i and a connected component on ^ 
such that N{G^i^,) = 2 then there exists lines of scales between i and io joining x' to y'. 
Let us call I the set of such lines and im-i the scale of the first node after G^ on If 
card / = 1 then G^ is logarithmically divergent. If card / ^ 2 then G]. will be convergent 
as M~^(*~*™-i^ Finally if there does not exist such a G^l then G], will be convergent as 

]Vf-2(«-«m~l)_ 

Let us look at the figure 01 which is simpler than the general situation but exhibits all 
its important features. We define / as the insertion made of the lines ei, 62 and of the 
graph Gj. Note that / may be empty and G/ non-planar. The different scales entering 
/ are io < ii, . . . , im-i (< im = i)- The corresponding connected component at scale io is 
written We also write Cj for the set of loop lines in the insertion /. 




(a) Typical situation (b) Insertion / 



Figure 3: Connected component (potentially) critical 

We first get all the scaled decreasing functions for all the tree variables vi and pi except 
the lowest tree line t in /. Then, down to scale i, we proceed for the loop masslets as we 

'It has been noticed in that orientable graphs can't have N = 2 and B = 2. A simple argument 
on the Filk rosette ^l] |2l] proves it equally. 
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have done for lemma. ITKl The total oscillation may be written 

ip'^ =^E + Vx+Y^ e{l)Vi A {ui - e{l)ai) + ^(1 + t{t)n)e{t)vt A Ut (4.1) 
+ ^ (1 + e{l)n)-h{l)Vi -pi + J2 ^iO^e ^ i^i - + WRiP + PR2P + PR3U 



r\{t} ci 

+ I + e{e)Q)6{£)we A + ^ ^ e{e)we A ue + e{^)wt< A 



2 \ I I \ I 2 

£/ -C/ix£/ 

(£7U{i})c4 (£iU{t})c£/ k<zci 

+ W/Qvy W/ + ^ M;, A + ^ ^ M^, A U£ + Ai?4^ + ^i?5f/ + AR^X 

{r\JC)<{T\JC) CikCi 

where we wrote W/ (W^) for a linear combination of W^, i E Ci i'^k)- Let us pick one 
Wi, i e We use the oscillation W^A ( J2{Ciu{t})ce'^i~^'^kce''l{^^)^k) to get a decreasing 
function s implementing | '^CiU{t} + X]fcc£^(^)^fc| ^ ^ *• 

If there are external points overflown by the line i, there exists k such that Xk'= z C i. 
Then for all line in CjU{t}, we perform the change of variables (j3.28j) and (j3.35j) but with 
z in place of Xi. These modifications let the function s independant the a;, / G U {t}. 
This allows to get for all line / G U {t} a masslet of index ii. 

If there are no external point apart from x and y in (see figure [HI), the function 
5 only depends on J2{Cju{t})ce ^fc' ^ two-point graph. Let us write io for the 

lowest line in J, ii^ = Iq. Note that it is necessarily a loop line. For all line i E Ci \ {io}, 
we perform 

ug ~^ui - e{£)ai, 

We + ae, , , 

(4.2) 

Uio + e{£)ai, 
^ weo -^Wi - £{io)e{i)ai. 

This let ue + UiQ (and s) fixed. Then for all line i E Ci \ {io}, we get a decreasing function 
in We — e{i)e{io)Weo of index ie. All these functions are independant. For io, we perform 

weo + ttio, (4.3) 
Ut + e{£o)aeo. 

We get a decreasing function allowing to integrate over We^ at the cost of M*' ^ . 
Finally for the tree line t, we use the usual change of variables ()3.28p . This introduces at 
in 5. The masslet we get for Vt is then of order M\ Fortunately the corresponding strong 
decrease for pt is of order M~\ We recover the fact that the long tree line variables do 
not cost anything. 

Let us call critical a four-point connected component with N = 4:,g = 0,B = 2 and the 
insertion I reduced to a single line. We are now ready to prove the following lemma 
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Lemma 4.1 (Power counting) LetG an orientable connected graph. For all fl G [0,1), 
there exists K gM. such that its amputed amplitude integrated over test functions (see 
^8. 2^} ) is bounded by 

^i^" JJm-^^(^'*) (4.4) 

i,k 

-4 if (N = 2 or N ^ 6) and g = 0, 
if N = A, g = and B = 1, 
with uj{Gl.) = <^ 'if Gl is critical, (4.5) 

ifN = 4:, g = 0, B = 2 and G\ non-critical, 
N + A ifg^l. 

Remark. This bound is not optimal but sufficient to prove the perturbative renormaliz- 
ability of the theory. After the study of the propagator in the matrix basis [IH], we could 
get the true power counting in particular the genus dependance. Concerning the broken 
faces, the bound ()4.4|1 is almost optimal. For the four-point function, it is. But for six (or 
more)-point functions, we did not try to improve our bound. Nevertheless remark that 
for such functions, similar situations to the four-point one may happen. The "external" 
points in additionnal broken faces may be linked by only one lower line. In this situation, 
the broken faces do not improve the power counting even for six (or more)-point functions. 
This is one of the differences between the Gross-Neveu model and the ^'^'s one. 

Proof. Lemma l375l allows to bound the amplitude of a connected orientable graph G by 

N 

\A^a\ / dx,g,ix^ + {a})6Glldx,g,ix^)l[daiM^'^E{ai) (4.6) 

i=2 l£G 

n duidvidpi jvfv-^"'("-^«'^')' n — — ^^^^ 

HdudmM-M-e-^^'-^-^-^^y^' n 1 , M-^-^W^ 

where K E M. and gi, i G |1,A^] and H are Schwartz-class functions. The 6g function 
corresponding to the root delta function is given by (see section 12.211 



We use it to integrate over one of the external positions. The other ones are integrated 
with the gi's functions. The bound ()4.6|1 on the absolute value of the amplitude becomes 

1 



leG eec 11=0 ^.M 

n duidvidpi Mv-*^"'(^-^«'^')' n — — 

zer fj.=o ''A' -'^'.A' 
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The integrations over the ai variables cost 0{1). For all line / in the graph, integration 
over ui is of order C(M~^*'). The integration over vi (resp. wi) is of order 0(M^*'). But 
for tree lines, this is compensated by the integration over pi which gives C(M~^*'). Then 
the loops only cost 0{1) whereas the tree lines earn (9(M~^*'). We have the following 
bound 



^if'" JJm*'+^ JJm-2(*'+i). (4.9) 



i&G leT 

We may now distribute the power counting among the connected components [I 



nM+i=nn^=n n ^= n (^^o) 

leG l£Gi=0 /eG(i,fc)GN2/ ii,k)eN2 leGl 

j]m2(^+)=j] n ^"'= n n^' (^ti) 

Then, changing K' into K, the amplitude of a connected orientable graph is bounded by 

Yl (4.12) 

(i,fc)GN2 

where uj{GI) =N{Gi) - 4 (4.13) 
which proves the first part of lemma 14.11 



If a connected component is non-planar, there exists i, i' G G^ such that the 
integration over We gives M~^*^' ^ M~^* instead of M^*^ (see section 13. 3|) . The gain 
with respect to ()4.13|) is at least M~^*. The superficial degree of convergence becomes 
iviGl) = N{Gl) + 4. 

Finally let a connected component G\ with four external legs and two broken faces. 
With the notations previously defined, if G^", has more than two external points, we use 
the function s to integrate over one of these external positions. This brings M~^* instead 
of 0{1). Let us write for the path in the Gallavotti-Nicolo tree between G\ and G. 
The factor M~^* improves the superficial degree of convergence of all the nodes in ^ 
with N = A, B = 2. It becomes ci;(G^) = N{G\). If G^", is a two-point graph, we use 
s to integrate over the u variable of the lowest line in /. This brings M~^* instead of 
M"^*o. The gain with respect to ()4.13|1 is then M"^(*~*o\ But the integration over 
costs M^*' instead of M^^^o . The total gain is then only M"^'^*"**). This additionnal factor 
allows to improve the power counting of all the four-point components with _B = 2 in ^ 
between G\ and the scale it. Their power counting increase from — 4 to A^. But note 
that between it (the scale of the lowest tree line in I) and io, only loop lines may appear 
in the subgraphs. Then the number of external points may only strictly decrease in <^ 
from scale it to scale i^. being a two-point graph, there may be only one divergent 
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connected component in between it and io- It is a four-point graph with i? = 2 at 
scale %\ (the lowest scale in I above i^). Moreover this happens only if there is only one 
loop line of scale i^. This component is critical (by definition) and we can't improve its 
power counting which remains — 4. This proves lemma HtI □ 



5 Renormalization 

Thanks to the power counting proved in lemma I4.H we know that the only divergent 
subgraphs are the planar two- and four-point ones. More precisely the only divergent 
two-point graphs have one broken face. The divergent four-point ones have either one 
broken face or are critical which means they have A^ = 4, (yf = 0,-B = 2 and the two 
"external" points belonging to the second broken face are linked by one (and only one) 
line of lower scale. We are going to prove that the divergent parts of those graphs are of 
the form of the initial Lagrangian. 



5.1 The four-point function 
5.1.1 B = \ 

Let a planar four-point subgraph with one broken face needing renormalization. It is 
then a node of the Gallavotti-Nicolo tree. There exists (i, A;) G such that N{Gl) = 
4,(yf(G^) = 0,5(G^) = 1. The four external points of this amputed graph are written 
Xj, j G |1,4]. The amplitude associated to the connected component is 

= / nc?a;i^e(xi)?/'e(x2)^/'e(a;3)V'e(a;4)5G«^e*^f2 (5.1) 
* i=i 

Y\ duidvidpiCWui) J]^ duidwt>Cl'{ui) 



where e is the biggest external index of the subgraph G\ and V'e, V'e are fields of indices 
lower or equal to e < i. We will perform a first order Taylor expansion which will allow 
to decouple the external variables Xj from the internal ones u and p and identify the 
divergent part of the amplitude. We introduce a parameter s in three different places. 
First of all, we expand the delta function as 

5G^(A + sil) ^=6{A) + dsii-V6{A + sH) (5.2) 
where A =xi — X2 + x^ — x^ and ii = ui. 



For orientable graphs, the fields ijj are associated to odd positions and the ip's to even 
ones. Moreover if the graph is planar regular, corollarv l3. 41 gives the exact value of the root 
delta function, in particular the alternating signs. This corollary also gives the external 
oscillation ipE- The remaining oscillation ip^ is now expanded. It is given by corollaTv l3.4l 
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and by the branch delta functions oscillations. With (hopefully) self-explaining notations, 
it may be written 

ifUs = l) = ^E + XQxuU + XQxpP + UQuU + PQpP + UQuwW + PQpwW. (5.3) 
Remark that Qxw = Qw = for planar regular graphs. We write 

expiiXQxuU + XQxpP + UQuU + PQpP) (5.4) 

=1 + 1 f ds{XQxuU + XQxpP + UQuU + PQpP)e'''^^^'^^+^'^''^^^+'^^''^+'^^''^. 
Jo 

Finally we also expand the internal propagators. For all line I G G^, 

^TT Jq sinh(2fit,j 

+ sVLe{l)e{l)ii + sm) ( cosh(2fiti)l2 - szf sinh(2nti)7e"S) 



Q{uus=l)=j^ / ' ^ e-^^°^^(^"^'^"'(zr]coth(21]t0<0g(0^/ (5-5) 
o'Tr Jq sinh('2f2t/) 



e" 2 -th{20t,K coth(2Ot0e(0^(0l^; 



^^TT 7o tanh(21]t 



^'tt io Jo sinh(21]t, 

X |(fie(/)£(/)^, + m) ( cosh(2fit/)l2 - s^f sinh(2fit/)7e-S) 
-?|sinh(2nti)(z(^ coth(2nti)e(/)e(/)^; + s(]e(/)e(/)?t, + sm)7e"S|- 



Let xA be the counterterm associated to the connected component G\. It corresponds to 
the zeroth order terms of the three preceding expansions : 

tA^, = / \{dx,i,e{Xl)^e{x2)^e{x^)i^e{Xi)5{A)e''P^ (5.6) 
' J i=l 

X / JJ duidvidpi {uu s = 0) JJ dudwt C\\ui, s = 0)e''^n('=^^ 



where cpE = Si<j=i(^-'-)'^"'^^'^* ^ Then the counterterm is of the form 

= dx {i>e-k^pe'*^^e'*^i^e) (x) (5.7) 



«(/3^(s=0) 



JJ^ duidvidpi {ui, s = 0) Y\ duedw£ Cl'{ue, s = 0)6**^^ 

To prove that xA looks like the initial vertex, it remains to show that its spinorial structure 
is one of those of equation (|2.8|) . Apart from the oscillations and the exponential decreases 
of the propagators, the counterterm rA involves 

2n-N/2 

leG leG i=i 
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Each of the 2^"^"^/^ terms Pi in P consist in choosing for each line / G G either j^u'^ or 
•y^u}. Each Pj has n° u° and nj . Note that, apart from P, the counterterm xA is 
invariant under: V/ G G, u° ^ — m° and if/^ — > — if/^. Then the only non vanishing Pj have 
even n°. With a similar argument we prove that n\ is also even. Each term in xA then 
consists in even numbers of 7° and 7^. For the four-point function, the Taylor expansion 
is possible because the number of internal lines is even (it is 2{n — 1)). We now 
define the notions of chain and cycle. 

Definition 5.1 (Chain and cycle). We say that two fields are in the same chain 

• if they both belong to a same scalar product at a vertex^ , 

• if they are linked by a propagator. 
A cycle is a closed chain. 

The external fields are linked by chains. The other (internal) fields belong to cycles. The 
7° and 7^ matrices are distributed among chains and cycles. Each cycle corresponds, up 
to a sign, to a term Tr ((7*^)^(7^)''). It does not vanish only if p and q are even. Knowing 
that the total number of 7° is even, that the total number of 7^ is even and that each cycle 
contains even numbers of 7" and 7^, the chains of the graph share an even number of 7° 
and an even number of 7^. There are two chains in the four-point function graphs. There 
are then four possibilities to distribute the gamma matrices among these two chains. Each 
may contain an even or an odd number of 7° or 7^. 

Depending on the number and the type of the vertices in these two chains, they may 
link either a ^/^ to a or two fields of the same kind. We are faced to twelve different 
spinorial structures: 



(7 ) (7 ) 



ijj -k 1p -k 



(7 ) (7 ) 



1p = ± Tp i< llfj 1p i-: l?/;. 



(5.9a) 



(7 ) (7 ) 



(7 ) (7 ) 



^ = ±?/'^7V*V'*7V, (5.9b) 



ip i< 



0\2p / n2g+l 



1p i^lp k: 



(7°)^^ (7^)^"^^ ^ = ±V^*7V*V^*7V, (5.9c) 



Ip k: 



(7 ) (7 ) 



1p -k 1p -k 



0\2p'+l / i\2g'+l 



(7 ) (7 ) 



^p = ± tp i<r J^'J^lp kip k: J^J^Ip. 



(5.9d) 



jPor example, the first two fields in the interaction Il2.8a|l belong to a same scalar product. 
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In the same way, we can meet 

i^T^l^/'^^^l^/;, (5.10a) 

±7/'*7V*7/'*7V, (5.10b) 

-k 'J'^lp -k ijj -k 'j'^lp, (5.10c) 

±i/j-k^'^^^ilj-kip-k'y'^'y^ip, (5.10d) 



±ijak^c*i'b*i'dtab'i-cd, (5.11a) 

iV-a * * V'b * V'dTafeTcd. (5.11b) 

±^a-^^c'^^b'^^dllblld^ (5.11c) 

iV^a^^c^V'ft^V^d ilV),, (^V),,- (S.lld) 



To prove that the divergence of the four-point function is of the form of the original 
vertices p.Sp . it is convenient to rewrite them in a different way. 

Non-commutative Fierz identities A basis for Md^C) is given by a representa- 
tion of the Clifford algebra {7^,7^^} = —D5^^ of dimension D. In dimension 2, i3 = 

= 1, = 7O, = 7I, = 7O7I} is a basis for M2(C). Then let M e M2(C), 

1 ^ 

M = --Y,VAB Tr(Mr^)r^, (5.12) 

A,B=Q 

with Tj = diag(— 1, 1, 1, 1). 

We now use such a decomposition to rewrite the interactions of the model under a different 
form. For example, let us consider interaction ()2.8bjl . If we define Mat = '4'b *4'a and use 
(lO^ - we have 

i)b'^ija = -]^^r]AB'4^b' -^i^a'Ty^.T^f,. (5.13) 

A,B 

This allows to write 

J '4'a'^i'a*^b-^i'b = J i'b'^i'a'^i'a'^i'b = ~^VAB j i^'^T'^^-^i'-^T^^- (5.14) 

In the same way, for interaction ()2.8c|) . we use the decomposition 

Mba =^a^^b = -^Yl * ^^-'^f'b'rfa (5.15) 

A,B 
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and write 



a,h A,B 

= -\Y.I slsi' ^ r^^ * ^ * (5.16) 

with (7^^ = diag(— 1, 1, 1, — 1). We do the same for the three other interactions. The 
six possible interactions are given in table*^ 15. 1.11 As a conclusion, the three orientable 
interactions ()2.8|) may be written as linear combinations of 

j i>i.lipi<i>i<lip, (5.17a) 

J ip i^'j'^ ijj icijj icy and (5.17b) 

^p 'j^'j'^ip ijj 'j^'j^ip (5.17c) 

whereas the non-orientable ones (j2.9jl may be written in function of 

J ijji.tijji.ilji.t'ijj, (5.18a) 

J ip -k'j^^ip -kip -k'j^ip and (5.18b) 

i'cy^'j'^ijj tjj j^j^-ip. (5.18c) 

In equations ()5.17b|l and ()5.18b|) . the sum over /x is implicit. 



'^Remind that we restrict our proof to the orientable case. 
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Interactions of the non-commutative Gross-Neveu model 



Orientable 



a,b 

^ A,B'' 

^ j dx ((tpa -klpa-^'ipb-^ i'b) (x) 
a,b 

^ dx (ipa ->^1pb*1pa* A) {x) 
a,b 



Non-orientable 



^ / dx (ipa i^a) {x) 

a,b 

J dx {ipa -k1pa-k1pt,-k Iph) (x) 

a,b 

^ A,B'' 

^ dx {^l)a -^A^lpa* A) {x) 
a,b 



= diag(-2, 0, 0, 0), = ^ = diag(-l, 1,1,1), g"" = diag(-l, 1, 1, -1) 

G |i, 41, e i3 = {ro = 1, = 7°, = 7^ = 7%!} 



Table 1: The interactions and their different formulations 



We now show that for all e B, ijji^ T^'ip T'"'?/', if; i< T^'ifj ikipik T^'ifj and ipa^'^^c^ 



with the help of a symmetry of the model. 



may be expressed in function of the orientable interactions of table 15.1.11 



(5.19) 



2^ 

A,B 



Then we have 



i) * r'^?/' i^ipi, v^ip 



if = 1 

with (yf = diag( 
with g = diag( 
with g = diag( 



-1,1,1 - 1) if r 
-1,-1,1,1) ifr 



c 



c 



7%^ 
7° 



(5.20) 



-1,1, 



-1,1) if = 7^ 



with g 



^ A,B 

fdiag(-l, 1,1,1) ifr^ 

diag(l, 1, 1 - 1) ifr^ 

diag(l, -1,1,1) ifr^ 



1 

7°7^ 



tdiag(l, 1,-1,1) ifr 



c 



7 
7^ 



(5.21) 



(5.22) 



If r*^ = 1 or 7^7^, the interaction (|5.2ip may be written in function of the interactions 
(j5.17j) . On the contrary, if V-^ = 7° or 7^ independently, it is impossible. Fortunately 
there exists a symmetry implying that the counterterms associated to interaction (j5.21|] 
for r*" = 7° and 7^ are equal. Each term in the polynomial P ()5.8p consists indeed to 
choose, for each line in the graph, either 7° or 7^. To each of these terms is canonically 
associated an other term Pi = Pj, j ^ i for which we have done exactly the inverse choice. 
Then to get Pi, we consider Pi and change 7° into 7^, m° into u} and vice- versa. Each 
counterterm, associated to a Pj, is made of a product of gamma matrices and of integrals 
over the variables ui, pi, vi and wi. The rotation 



V/ e G, u° 



(5.23) 



U7 



shows that the integrals in Pj equals the ones in Pj (the total number of u} is even). Let us 
have a look at the products of gamma matrices. Let N & N and Vj G |0, 2N + 1], rij G N. 

N 



P^=J](/)"- (y)"-+^ 

i=0 
TV 

=n(-i)[*i^^i (7°) 



l-(-l)"2i 
2 



1_(_1)"2»+1 



(5.24) 



32 



Each product of 7° (resp. 7^) has been reduced thanks to (7°)^ = (7^)^ = —1- The 
product equals, up to a sign, an alternating product of 7° and 7^. In the same way, 



N 



=0 

N 



^n(-l)ffl^-f^l(y)^(/)^^. (5.25) 

i=0 

Let us remark that the signs in front of P^ and P^ are the same. Let tlq and n\ the total 
number of 7° (resp. 7^) in P^. This product P^ may be 



1. 7°7^ ■ ■ ■ 7°7^, Uq = n^. 

pa = J 



P.' = <) .Ln_. ..1 I I . . (5-26) 



2. 7V ■ 



■7V, ^0 



n 



1- 



pa 

7 



-1)^1 



if tIq 
if ^0 



n 



n 



2p 

2p+l 



(5.27) 



3. 7^7 ■ ■ ■ 7 7 7, nQ = + 1. 

pa 

7 

4. 7^7° ■ ■ ■ 7^7°7\ nl = nQ + 1. 

pa 

7 

Let us apply those results to the chains and cycles of a graph. First of all, remark that 
the numbers of 7° and 7^ in the alternating producthave the same parity as the total 
numbers in P^. Each cycle contains an even number of 7° and 7^ and then corresponds to 
situations of the type ()5.26p or ()5.27|) . These are exactly symmetric under the exchange 
7° <-> 7^. When the two chains of a four-point graph contain an odd number of 7° and an 
even number of 7^, we are faced to situations 3 or 4. They are symmetric under the ex- 
change 7° ^ 7^. The relative sign between the products P^ and P^ is + and (especially) 
only depends on the parities of the total numbers of 7° and 7^. This sign doesn't depend 
on the configuration of the products of matrices i.e. it doesn't depend on the rij in ()5.24|) . 

Then the counterterm ipT'-' ipipT'-' ip may only be of the form ipliptptil) ^ ip'j^'j^ipip'j'^'-f^il) 
or ip'^^^%l)%lj'^^%l). The result is the same for the two others ■xIjV''^ ip'ipV^ ifj and %l)aiJc'^b'^d^'^h^'cd- 
The sum of the last two interactions in ()5.22|1 is a linear combination of the initial inter- 
actions. We would check it in the same way for 'ipa'ipc^b'^dF'^b^^- This proves that is 



-1)V if^i = 2p 
.ly^i ifnf = 2p+l 



(5.28) 



-1)V \inl = 2p 



(5.29) 
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of the form of the initial vertices. 

As expected for the four-point function, rA is logarithmically divergent. To check it, 
it is sufficient to redo the procedure used in section IT2l with the change of variables ()3.28p 
and (j3.35jl but without Xi (the external variables are decoupled form the internal ones 
in the counerterm). The remainder (1 — t:)A is composed of four different terms. Each 
improves the power counting and makes {1 — t:)A convergent as i — e ^ oo : 

• il ■ V5(A + sit). Integrating by parts over an external variable, the V acts on an 
external field and gives at most M"^. il gives at least M~\ 

• XQxuU, XQxpP. X brings and U (resp. P) M-\ 

• UQuU, PQpP give at least M'^^ 

• the expansion ()5.5p of the propagators gives M~\ 

As a conclusion, these termes improves the power counting by M"*^*""^) which makes 
(1 — x)A convergent and irrelevant for renormalization. 

5.1.2 5 = 2, critical 

The power counting proved in ()4.4p let us think that the critical connected components 
are logarithmically divergent. Exact computations on simple graphs and the behaviour 
of the theory in the matrix basis confirm this fact. But the divergent part of these 
graphs are not of the form of the initial Lagrangian and particularly not of a Moyal type. 
Despite such a divergence, we won't renormalize those graphs. In fact, we will prove in 
section 15.2.21 that the renormalization of the corresponding two-point function is sufficient 
to make the complete graph convergent, including the critical sub-divergence. Let i the 
scale of the critical component and j < i the scale of the corresponding two-point function. 
The remainder terms in the renormalization of this two-point function will give M"*^*"^) 

5.2 The two-point function 
5.2.1 The regular case 

Let a two-point planar subgraph needing renormalization. There exists (z, k) G such 
that N{G\) = 2^g{G\) = 0. The two external points of the amputed graph are written 
x,y. The amplitude associated to the connected component Gl is 



Let us proceed to a second order Taylor expansion. First of all, we expand as 




k 




(5.30) 
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where we used the same notations as in the preceding section. The oscillation between 
X and y is expix A y. Thanks to the delta function, we absorb this oscillation into a 
redefined matrix Qxu- Then we expand the oscillation: 



expt{XQxuU + XQxpP + UQuU + PQpP) = 1 + t{XQxuU + XQxpP) 
- j^ds ({I - s){XQxuU + XQxpPf - i{UQuU + PQpP)^ 



(5.31) 



X e 



ts{XQxuU+XQxpP+UQuU+PQ pP) 



We also expand the internal propagators. For all line I E G\, 

Ci{ui, s = 1 



t'Ti^ Jo smh[2\ltij 

+ sQe{l)e{l% + m) ( cosh(2fiti)l2 - s|« smh{2Qti)-fQ-^-f) 



(5.32) 





/■oo 




io t 






+ 











(is 



sinh(2fit/j 

e(/)^z(cosh(2fit;)l2 - szf sinh(2nt;)7e-S) 

- sinh(2fit;) (zfi coth(2fit;)e(0^(0)^i + s^e(l)e(l% + 771)78-^ 

The conscientious reader would have noticed that the expansion (I5.32jl is diff'erent from 
the one we used for the four-point function ()5.5p . Here we allow the mass term to be part 
of the zeroth order term. The reason is that the number of internal lines in a two-point 
function is odd (it is 2n — 1). For the mass counterterm, if all the propagators would 
have contributed by a u term, the counterterm woud have vanished. In fact, the power 
counting is reached when one propagator uses its mass term and all the others the term 
'ji,. This implies that the mass divergence is only logarithmic. For the wave function and 
counterterm, each propagator contributes with its dominant term The counterterm 
associated to the connected component G\ corresponds to the zeroth and first order 
terms of the three preceding expansions: 



(5.33) 
(5.34) 



tA^ = jdxdyipe{x)ilJe{y)^- V(5(x -y) J]^ duidvidpiCl'{ui,s = 0) (5.35) 



Y[ duedweC'/{ue,s = 0)e"^^ 



1(/3^(S = 0) 
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^A^ = i j dxdy Mx)My)Six - y) {XQxuU + XQxpP) (5.36) 
W duidvidpi Ci'iui, s = 0)Y[ duedweC'/{ue, s = 0)e^'^'"('=°). 

The counterterm contributes to the mass renormalization. Its divergence is logar- 
ithmic for the parity reasons given above. rA^ is the wave function counterterm. 

rA^ = - rfxV^e(x)V^V^e(a;)il^ JJ duidvidpi Ci'{ui, s = 0) (5.37) 
Yl dufdweC'/{ue, s = 0)e^'^^('=°) 

As for the four-point function, this term contains the polynomial ()5.8|] here of odd degree. 
The gamma matrices in each monomial are distributed among cycles and a chain (see 
definition 15. ip . The numbers of ti°7° and m^7^ in each cycle are even so that the number 
of gamma matrices in the chain linking the external points is odd. The term ipe^dQipe is 
different from zero if the number of ^^7'^ in the chain is odd. Then the number of 7^ is 
even. The corresponding counterterm is of the form ipe'j'^doipe- We associate it the term 
?/'eil^c?i^/'e where we chose the inverse monomial in P (V/ G G, 7°m° ^ 7^^;^). Thanks to 
a rotation of the coordinates, we show that the complete counterterm looks like ipe^ipe- 
It is logarithmically divergent. 

The counterterm tA^, also logarithmically divergent, contributes to the renormal- 
ization of the "magnetic field" VL$. The terms entering such a contribution look like 
/ '4'e4'e{x^u^ — x^u'^) ■ ■ ■ . Oucc morc we can associate two opposite monomials and per- 
form a rotation to prove that the counterterm is of the form ipg^ipe. Remark that the 
terms / ipe'ipeix'^Po + x^pi) ■ ■ ■ vanish by parity over p (beware that here p^ is the "mo- 
mentum" associated to a tree line and not a derivative). It is easy to check from ()5.35ll 
and (I5.36jl that the counterterms rAp and rA^ are skew-Hermitian. They are of the form 

The remainder terms, gathered in (1 — t:)A, are convergent: 

• (il- V)^5 gives M~^* thanks to il^ and M^*^ by integration by parts over an external 
point, 

• {XQxuU + XQxpPy brings M-2(--), 

• UQuU + PQpP give at least M-^\ 

• The propagators expansion gives at least M~\ 

Note that until now the ip'y^'y^ip counterterm was not useful. Moreover if we set m = 
(the bare mass) it remains so under radiative correction (tA^ = 0) for parity reasons over 
the m's. 
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5.2.2 Critical components 

Let us consider an orientable two-point graph at scale j with a critical subgraph at scale 
i > j (see definition in section EJ- This two-point component is then made of a four-point 
subgraph at a scale i with g = 0, B = 2 and of a single (loop) line of scale j. We renor- 
malize the two-point amplitude as was done in the previous paragraph. We now want to 
show that the remainder terms are of order M"^*^*"*^) (and not M~'^^^~^^) which implies 
the convergence of the complete remainder amplitude even its four-point sub-divergence. 

We proceed as is explained in section HI Down to scale i, we get all the necessary 
masslets for the f 's and w's and the corresponding functions for the p's. Then we have 
an oscillation We A where ie = i and is the u variable of the unique loop line of 
scale j. We use it to get a decreasing function s implementing ^ M~\ It remains 
to obtain the masslet for the variable . Its associated variable being now of order 
M~* there is no mean to get a masslet of scale . We can only achieve M*. The gain 
we had with the variable is lost by its corresponding masslet and we note once again 
that the critical components are divergent. But now all the u variables in the graph 
are bounded by M~* which implies that the remainder terms, except the propagator 
expansions, bring M~^*^*~'^) = M~'^''^~^'> M~'^^^~^\ All the propagator expansions except 
the one concerning the lowest propagator (of scale j) give at least M~\ There is one 
term in the expansion of the lowest propagator («m| sinh(2f2t£)76~^7) which only brings 
M~'^K This is not sufficient to renormalize the four-point sub-divergence. The solution 
consists in putting that term in the counterterm. Only for this lowest propagator, we use 
a different propagator expansion: 



This makes convergent the four-point subgraph and the two-point one. The price to pay 
is a counterterm of the form i5m6'~^Q~^'~^. The proof of this last statement is given in 
appendix Remark finally that if we set m = 0, tA^ = and no '07°7^'0 appear. 

6 Conclusion 

We proved that the non-commutative Gross-Neveu model, defined by the action ()2.3|] 
with only orientable interactions, is renormalizable to all orders. We have first computed 
a bound on the amputed amplitude of any graph, integrated over test functions (see 



Ci{uus = 1) 




) 



s=l 



(5.38) 



X fie(/)£(/)^«(cosh(2ntz)l2 -^f sinh(2fitz)7e-S)- 
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lemma This power counting is the one of a renormalizable theory. This bound can 
be obtained at f2 = 0. Then we showed that all the necessary counterterms are of the 
form of the initial Lagrangian. This means that the non-commutative Gross-Neveu model 
with orientable interactions is renormalizable even without the vulcanization procedure. 
But without general argument in favour of orientable interactions, we have to consider 
also non-orientable ones and then to vulcanize the Lagrangian. 

The orientable Gross-Neveu model is free of (non-renormalizable) UV/IR mixing fi'jfS^. 
Nevertheless it exhibits some remaining one. It concerns some graphs of the four-point 
function. These ones have g = and B = 2 (see lemma HH]). This mixing is fortunately 
renormalizable in the following sense: the divergent part of the critical four-point graphs 
is not "local" but the renormalization of the corresponding two-point function makes those 
four-point subgraphs finite. Of course this was not the case for the usual UV/IR mixing 
which prevented renormalization of non-commutative field theory before 0. Finally note 
that the bounds in lemma 14.11 may have equally been proved for the full model (with 
V = Vo + Kio) but restricted to orientable graphs'. This suggests that the full theory 
could be renormalizable if restricted to orientable graphs. Of course the "locality" of the 
counterterms should be checked. 



A Topology of Feynman graphs 

Let a graph G with n vertices and I internal lines. Interactions of quantum field theories 
on moyal spaces are only cyclically invariant (see ()2.6|l ). A good way to keep track of such 
a reduced invariance is to draw Feynman graphs as ribbon graphs. Moreover there exists 
a basis for the Schwartz class functions where the Moyal product becomes an ordinary 
matrix product This further justifies the ribbon representation. 

Let us consider the example of figure IH Propagators in a ribbon graph are made of 






(a) x-space repres- 
entation 



(b) Ribbon representa- 
tion 



Figure 4: A graph with two broken faces 



double lines. Let us call L the number of loops (made of single lines) of a ribbon graph. 
The graph of figure l4bl has n = 3, 1 = 3, L = 2. Each ribbon graph can be drawn on a 

'Orientable interactions only lead to orientable graphs but orientable graphs are not only made of 
orientable interactions. Actually non-orientable interactions produce not only all the non-orientable 
graphs but also orientable ones. 
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manifold of genus g. The genus is computed from the Euler characteristic x = L — I + n. 
For example, the graph of figure l4bl mav be drawn on a manifold of genus 0. Note that 
some of the L loops of a graph may be "broken" by external legs. In our example, both 
loops are broken. 

B Integration by parts 

We reproduce here the details of the computation showing that the procedure formed by 
the change of variables (I3.28jl and the integration by parts (I3.3njl allows to get a decreasing 
function of the desired scale. 

Ag,i = j daidti coth(2(^tO^(a«cothi/2^2(]tO)e"^'°*^^^^*'^^"'"'^'^"'^Vi(a;i + r?(l)e(/)aO 



At=0 



coth^/^(2fitO +iVi 
Let us write q = coth(2i7t/). 



2 . .2 



We define the following notations: 

{/} =tnci{ee){l){i, - £(/)5iJ + n{ee){l){ti - ^(O^z) - (B-l) 
{/}'= - e(/) (^^ca^" + fi(-l)^+i7'^+i) . (B.2) 

Let us compute the first derivative: 
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Then the second one: 
0[ai ) 

+ V^iefi + Vil)emf[) X {ncie{l){ui~e{l)ainf, + z{Ui + Ai + Xi),^f,) 
- ncie{l)ai + ^cfiui - e{l)air^'f, + nr]{l)e{l)ci{ui - e{l)aiYif[ 
+ i^i{Ui + Ai + X{)^i'h + iv{^)e{l){Ui + 1/ + X{)^U[ 
+ Qr/i + 2y(Q)r/(l)e(/)e7{+e/r] 

+ 2{/'} \Slcie{l){ui - e{l)ainh + lijji + Ai + Xi)^ih + VTcOe'/i + viX)e{l)U[]] ■ 
The terms we get are of order 0(cf''^). This gives (IH.^Hl . 

C The vacuum graphs 

In this appendix, we compute the power counting of the vacuum graphs of the orientable 
Gross-Neveu model. Let us first remind that the translation invariance of the usual com- 
mutative field theories makes them infinite even with both ultraviolet and infrared cut-offs 
(we mean in a given slice) . On the contrary, the vacuum graphs of the (non-commutative) 
theory are finite in a slice but the sum over their scale attribution diverges as M**. 

The quartic Moyal-type interaction is translation invariant. It can indeed be written 

as 

4 

8{xi — X2 + — X4) exp« (— 1 )*"'"•' """^Xj A Xj (CI) 

i<j=i 

=(5(xi — X2 + X3 — X4) exp I [xi A (x2 — Xa) + X2 A X3) 
=5{xi - X2 + xz- xa) exp i{xi - X2) A (x2 - 0:3) 

Such a regularisation is then solely due to the breakdown of translation invariance by 
the harmonic potential term in the $^ propagator. The Gross-Neveu propagator, 
whereas breaking tranlation invariance, allows to get translation invariant amplitudes for 
the vacuum graphs. We verify such an invariance by performing the change of variables 
V?, Xi ^ Xi + a and by checking that the result is independant a. 



Ag =A" I \{duidviCi{ui,vi) e*^ (C.2) 
=A" j W duidvi Ci{ui, vi + 2a) e'^ 



In equation (l(y.2|l . we wrote vi for all lines to simplify notations. We have already noticed 
that the vertex oscillations are translation invariant. That's why under the change of 
variables, ip remains unchanged. Let us consider a ipip%l)%lj type interaction. In that 
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case, the popagator oscillations are always exp — \ui A vi. Then the change of variables 
vi ^ vi + 2a/ implies the following a dependance for any amplitude 

exp iVLa A ui = 1 (C3) 

wich is 1 because the sum of all the u variables vanishes for the vacuum graphs thanks 
to the root delta function p.27p (remind that we only consider orientable interactions). 
This proves that the vacuum graphs of the orientable Gross-Neveu model are infinite. 
For non-orientable interaction, this is not the the reader may verify on the 




Figure 5: Example of non-orientable vacuum graph 
example of figure [HI 

D (Un) Modified counterterms of the two-point 
function 

Let us consider a two-point connected component G;^, with a critical sub-divergent com- 
ponent G\. We prove that, if we put the 79~^7 term of the lowest propagator £o in Gk' 
into the counterterm, the divergent part of this two-point function remains of the form of 
the initial Lagrangian. 

For simplicity we use a lightened notation than until now: exp — 2zf2t£(,76~^7 = 
cosh(2nt£g)l2 — « sinh(2f2t£Q)7°7^. As explained in section l5?Il the propagators in a two- 
point function are distributed among cycles and a chain. For any given graph G, let us 
write C for the set of all cycles and Ch for the set of all chains. We also write T'^ for 
the number of m^'s coming from the Taylor expansions™. Each cycle or chain consists in 
a product of propagators. Let c G C (Ch), 

' ~ I (zfi coi\i{2ntt,)i^^^ + m)e-2*^*^oT°7' ]\iec\{t,,}{'^^ coth(2fit/)^; + m) if 4 e c. 

(D.l) 

Pc is a sum of different terms: = Yl^=i ^1 where n = 2'^' if c G C and n = 21'^!"'"^ if 
c G Ch (|c| = cardc). Let us write for the total number of •y^ in a given term i of 
c G C (Ch). In the same way, we define \u'^\l- Let ic G for all c G C U Ch. The 

"For example, for the mass term, the Taylor expansion brings no it's then = = 0. The wave 
function counterterm brings u'^do + u^di. The first term has T'^ — 1 and = 0, the second the contrary. 
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tracelessness of the gamma matrices and the parity properties of the integrales over the 
m's implies two constraints: 

Vc G C, Vi G |1, 2\% G {0, 1}, |7^|^ is even, (D.2) 

V/i G {0, 1}, \u^\\^ + T'^ is even. (D.3) 

cecuch 

From now on, we fix a N- valued sequence (ic)cgcuch- Remind that in a two-point function, 
|Ch| = 1 and that the total number of internal lines is odd: Xlcecuch 1*^1 ^O' 
will always choose its 7^7^ term otherwise the analysis is the same as in section lB^ In the 
following we call "mass counterterm" the expression ()5.34|) with the expansion ()5.38|) , 
(or '$) counterterm" the equation ()5.35p (or ()5.36|) ) once more with the expansion ()5.38|) . 

1. Let Ci G Ch. If |ci| (the number of lines in the chain) is even 

(l.a) and £0 G ci, Xlcec 1*^1 Equation (ID.2|I implies VyU, Xlcec I'^^lc'' even. The 

total number of lines in the cycles being odd, we chose the mass for at least 
one line in C. 

• For the mass counterterm, T° = = 0. Equation ()D.3|1 implies |m^|c? 
even. This gives |7'^|c? both odd. The counterterm may only be propor- 
tionnal to 7^7^. 

• For the f ov counterterm, let /i G Z2, T'^ = 1 and T^+^ = 0. |7'^|c? is 

even and 17^''"^ |c? is odd. The number of lines in Ci being even, at least 
one line in Ci "chose" the mass. Then this term is of order M~*. Such 
terms give ^ or ^. 

(l.b) Let £0 ^ ci. Equation (ID.2jl implies V/x, ^^gc W^\^c odd. We chose the mass 
term at least once. 

• Mass counterterm: |m'^|c'i^ is odd. This counterterm is proportionnal to 

• p (^) counterterm: |7'^|c? is odd and |7^'''^|c? is even. This term gives f 
or $ but is convergent as M~* since |ci| is even and at least one line in ci 
bears a mass term. 

2. If |ci| is odd 

(2. a) Let e Ci. XIcgc \'^^\''c is even. 

• Mass counterterm: |7'^|c?'s are both odd. This gives ■?/'7°7^'?/'. 

• f {$) counterterm: |7'^|c'i^ is even and |7^'''^|c'i^ is odd. This term gives ^ 
or ^ but is convergent as M~^^~^\ The number of lines in Ci being odd, 
either all the lines in ci chose the u term or at least two of them chose the 
mass term. 

(2.b) Let io ^ ci. J2cec h^lc"'^ both odd. Either all the lines in C chose the u 
term (the total number of lines in C is even) or at least two of them chose the 
mass term. The corresponding terms are of order M~^^~^\ 

• Mass counterterm: |7''|c?'s are both odd. We get ijj'y'^'y^il). 
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• p {$) counterterm: |7'^|c? is even and |7^'''^|c? is odd. This term gives ^ 
or ^. 

As a conclusion, the mass term only brings ?/'7°7^?/^. The f and ^ counterterms may give 
iljfip and ^^^Z', not present in the initial Lagrangian, but these terms are convergent and 
may be let in the remainder term. A way to define the new counterterms is 

T'A^=iTr(TA„), (D.4) 
t'A,^ = - \iW Tr(7°7^TA™), (D.5) 
T'A^ = -^Tr(^TA^), (D.6) 



T'A^ = -4Tr(^TA^). (D.7) 



Remark that if m = 0, tA^ = 0. This means that if the bare mass is zero, it remains 
zero after radiative corrections and no ijj'j^'y'^ip appear. 
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